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B. Math (Hons.) Third Year
Second Semester - Analysis IV
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Maximum marks: 40 Duration: 3 hours

Answer any four, each question carries 10 marks, total marks: 40

1.

(a) Let A be an algebra of complex-valued continuous functions on a compact
metric space X that separates points of X and nowhere vanishes on X. If A is
self-adjoint, prove that A is dense.

(b) Prove that C[0, 1] has no open set whose closure is compact (Marks: 5).

. Let E be a set of continuous functions on a compact metric space. Prove that

E is compact if and only if E is equicontinuous and pointwise bounded.

Let f be a continuously differentiable 2r—periodic function and s, be the n-th
partial sum of the Fourier series of f.

(a) Prove that s, — f uniformly (Marks: 5).

(b) Further if ["_f(x)dx = 0, prove that ||f’||] > ||f|| and the equality occurs
if and only if f(z) = acosx + bsinx where ||f||* = [T _|f If'1I? = [7_|f']*.
(a) Prove Riemann-Lebesgue Lemma.

(b) Prove using Fourier series that y % 25 = %2 (Marks: 5)?

(a) Let f € R[—m, 7] be a 2m-periodic function and s, (z) be the n-th partial
sum of the Fourier series of f at x € R. Prove that
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(b) Let f € R[—m, ] be a 2m-periodic function such that f(z) = cosx for all
x € [0, 7]. Discuss the convergence of s, (x) for all x € (0,7) (Marks: 4).

(a) Prove that the Fourier series of a bounded 2m-periodic function that is
monotonic on [—7, 7) converges.

(b) Let ¢ be a step function and ¢(x) ~ ao/2+> - | a, cosnxz+b, sinnz. Prove
that there is a constant C' such that |a,| < C/n for all n > 1 (Marks: 4).



